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Rayleigh scattering, in which the wavelength is large compared to the scattering object, is usually
studied assuming plane incident waves. However, full Green’s functions are required in a number
of problems, e.g., when a scatterer is located close to the ocean surface or the seafloor. This paper
considers the Green’s function of the two-dimensional problem that corresponds to scattering of a
cylindrical wave by an infinite cylinder embedded in a homogeneous fluid. Soft, hard, and imped-
ance cylinders are considered. Exact solutions of the problem involve infinite series of products of
Bessel functions. Here, simple, closed-form asymptotic solutions are derived, which are valid for
arbitrary source and receiver locations outside the cylinder as long as its diameter is small relative
to the wavelength. The scattered wave is given by the sum of fields of three linear image sources.
The viability of the image source method was anticipated from known solutions of classical electro-
static problems involving a conducting cylinder. The asymptotic acoustic Green’s functions




Scattering of waves due to objects that are small relative
to wavelength, commonly referred to as Rayleigh scattering,
is a classical and widely studied subject in wave theory.
Commonly, within the Rayleigh regime, scattering is investi-
gated for plane incident waves, and general asymptotic solu-
tions have been obtained specifically for low frequency and
far field regimes.1–5 However, knowledge of the full Green’s
functions is necessary for many problems of current interest
for which the physical spacing between the scatterers them-
selves or the scatterers’ separation from a source or bound-
ary is comparable to their size. In underwater acoustics, such
problems can arise in dense multi-scatterer configurations,6
radiation by finite sources,7–10 target classification,11–13
source localization,14 scattering suppression,15,16 and when
calculating the radiation and scattering of sound due to
objects located near the ocean surface17,18 or the sea-
floor.19–21 No simple analytic solutions are readily available
for such problems, and numerical methods have to be used.
This is the motivation for the present study. Compact ana-
lytic solutions can provide physical insights leading to new
applications. For instance, the feasibility of underwater noise
mitigation by placing a small compliant body near the source
was tested. The approach relies on wave diffraction rather
than dissipation or reflection. The analysis was streamlined
using analytic solutions for sound diffraction on simple
shapes.22
The exact solution of scattering of a monochromatic
cylindrical wave by a soft and hard cylinder is given by an
infinite series that involves the products of Bessel functions.5
Recently, an analytical approach was developed to derive
simple asymptotic solutions for a spherical sound wave scat-
tered by a small sphere representing soft, impedance, hard,
and homogenous fluid targets.23,24 The technique results in
approximating the scattered wave as a sum of fields due to
“image sources.” The viability of the image source method
was anticipated from known stationary limits for simple
geometries such as the classical electrostatic problem involv-
ing a grounded sphere and a point charge with the elemen-
tary solution obtained by Kelvin.25
In this paper, we extend the analytical method of
matched asymptotic expansions developed for spherical
targets and apply it to cylindrical wave scattering by an infi-
nitely long circular cylinder with a radius small compared
to the wavelength. Rayleigh scattering by soft, hard, and
impedance cylinders is considered with the goal of develop-
ing a simple, accurate, and uniformly valid approximation of
the exact solution for arbitrary positions of the source and
receiver outside of the cylinder. The developed 2-D Green’s
functions hold everywhere outside of the cylinder, have a
similar structure to the static limits in the electrostatic26 and
magnetostatic27 solutions, and are represented by the sums
of “image sources” within the scatterer. The asymptotic
Green’s functions allow a clear physical interpretation and
lead to a computationally efficient approach to solve more
complicated problems for the scattering of sound in under-
water waveguides. For instance, representation of the
scattered wave as the field due to several linear sources
immediately allows computation of the acoustic pressure in
a waveguide as a superposition of local normal modes.28
The paper is organized in the following manner. In
Sec. II, the theoretical background of cylindrical wave scat-
tering is presented with the exact solution. In Sec. III, a uni-
form asymptotic solution for the scattered wave is developed
in the Rayleigh regime by matching two local asymptotica)Electronic mail: abbaynes1@nps.edu
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solutions. Accuracy of the uniform asymptotic solution is
quantified and analyzed in Sec. IV. In Sec. V, the asymptotic
image solution and the properties of the scattered wave that
the solution reveals are utilized to study the performance of
plane wave beamforming and matched field processing tech-
niques in bearing estimation by mounted receivers. Last,
Sec. VI is a summary of our findings.
II. THEORETICAL BACKGROUND
In this scattering problem, monochromatic incident
cylindrical waves of frequency x are considered, emanating
from an infinite line source. The cylindrical waves are inci-
dent upon and diffracted by an infinite circular cylinder of
constant radius a. The axis of the cylinder is parallel to the
linear source. The cylinder and source are embedded in a
homogenous fluid with density q and sound speed c.
Scattering by acoustically soft, hard, and impedance cylin-
ders is considered. The scattering problem described is effec-
tively a two-dimensional problem due to the acoustic
complex pressure field being independent of the z-coordinate
along the cylinder axis. The scattering geometry is repre-
sented using the polar coordinate system consisting of the
coordinates ðr; hÞ. The origin of the coordinate system is
located at the center of the cylindrical body. Cartesian coor-
dinates are defined by the usual relationships x ¼ r cos h and
y ¼ r sin h.
Acoustic pressure in an incident cylindrical wave ema-
nating from an infinite acoustic line source is classically and
compactly expressed as5
pin ¼ Hð1Þ0 ðkRðbÞÞ; Rðx0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx$ x0Þ2 þ y2
q
: (1)
Time dependence exp($ixt) is assumed and suppressed. Let
p be the acoustic pressure, which is a sum of the incident
and scattered waves: p ¼ pin þ psc; k ¼ x=c is the acoustic
wave number, b> a is the distance from the source to the
center of the scatterer, Rðx0Þ is the distance between the field
observation point ðx; yÞ and any point x0 along the line con-
necting the origin and the source (Fig. 1). Additionally,
Hð1Þ0 ðqÞ is the Hankel function of the first kind of 0th order.
Hankel functions are the linear combination29 Hð1Þn ðqÞ
¼ JnðqÞ þ iYnðqÞ of the Bessel function JnðqÞ and the
Neumann function YnðqÞ. For large arguments, Hankel func-





exp ðiq$ inp=2$ ip=4Þ;
jqj' 1; $p < argq < 2p; (2)
and represent outgoing waves.
The scattered field satisfies the two-dimensional homo-
geneous Helmholtz equation,
r2psc þ k2psc ¼ 0; r > a: (3)
Boundary conditions on the surface of the cylinder depend
on the type of the scatterer. For the soft cylinder, i.e., a cylin-
der with a pressure release surface, the boundary condition is
the Dirichlet boundary condition for the total acoustic pres-
sure.24 In terms of the incident and scattered waves,
psc ¼ $pin; r ¼ a: (4)
At the acoustically hard surface, the particle velocity
normal to the cylinder’s surface is zero. The hard cylinder is
described by imposing a Neumann boundary condition,24





; r ¼ a: (5)
The surface of the impedance cylinder is neither per-
fectly hard nor soft, but has intermediate acoustic properties.











; r ¼ a; (6)
where f is a dimensionless impedance. In this context, the
limiting cases of acoustically soft and hard surfaces are
recovered at f! 0 and jfj ! 1, respectively.
The exact solution of the problem of cylindrical wave
scattering by an infinite cylinder is known, and the expres-
sions for the incident and scattered fields valid outside of the
cylinder can be written in terms of infinite sums of cylindri-




enHð1Þn ðkr>ÞJnðkr<Þ cos nh;






n ðkrÞ cos nh; r ( a; (8)
where en is the Neumann symbol (e0 ¼ 1; en ¼ 2 for n ( 1).
The value of representing the incident field by the
FIG. 1. (Color online) Two-dimensional cross-section of the geometry of
the cylindrical scattering problem. Depicted is the acoustic pressure line
source located at coordinates (b, 0) outside an infinite cylindrical scatterer of
radius a and axis at (0, 0). The field observation point is located at (x, y).
Also shown are the coordinates of three image acoustic line sources located
within the cylinder at coordinates (a2/b, 0), (0, 0), and ($a2/2b, 0). The dis-
tance R is formally defined in Eq. (1) and employed from Eq. (28) onward.
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summation in Eq. (7) vice the equivalent form of Eq. (1), is
the consequent simplification of finding the coefficients An
for the scattered field. The coefficients are determined
through substitution of Eqs. (7) and (8) into the boundary
conditions Eqs. (4)–(6). After substitution, solving for the An
coefficients is simply a matter of equating coefficients of
like factors of order n using the property of linear indepen-
dence of the family of cos nh trigonometric functions. The
resulting boundary specific An coefficients for the soft (S),









0 kað Þ; (10)










where the coefficients have been labeled case specifically
and the prime denotes the derivative of the original function
with respect to its argument. Substitution of Eqs. (9)–(11)
into Eq. (8) gives the exact solution for scattering (diffrac-
tion) of a cylindrical wave by acoustically soft, hard, and
impedance cylinders, respectively.
III. DERIVATION OF THE ASYMPTOTIC SOLUTIONS
OF THE SCATTERED WAVE
In development of the asymptotic solution, we consider
only the scattering within the Rayleigh regime, i.e., when
ka) 1: (12)
A. Small argument approximation and recursion
relationships for Bessel functions
Below, we will repeatedly use the small argument
expressions29








; n ¼ 1; 2; 3; :::; (13)
H 1ð Þn qð Þ ¼ $





1þ O j2 qð Þ
( )h i
;
n ¼ 1; 2; 3; :::; (14)
for Bessel and Hankel functions. Here and below the nota-
tion j2ðqÞ ¼ q2ð1þ jlnqjÞ is used for brevity. Additionally,
Bessel and Hankel approximations for the 0th order terms
are
J0ðqÞ ¼ 1$ q2=4þ Oðq4Þ; (15)
Hð1Þ0 ðqÞ ¼ 1þ ðlnq=2þ cÞ2i=pþ Oðj
2ðqÞÞ; (16)
where c ¼ 0:5772157:::; is Euler’s constant.29 Equations
(10) and (11), which represent the coefficients for the hard
and impedance cases, respectively, require small argument
limits of derivatives of Bessel and Hankel functions. The
relationships29
v00ðqÞ ¼ $v1ðqÞ; 2v
0
nðqÞ ¼ vn$1ðqÞ $ vnþ1ðqÞ;
v0nðqÞ ¼ $vnþ1ðqÞ þ vnðqÞn=q; (17)
for derivatives of Bessel functions prove useful. Here v
denotes J, Y, Hð1Þ or any linear combination of these func-
tions of the same order n.
B. An coefficients in the Rayleigh regime
Using Eqs. (13)–(17), the An coefficients for the soft and
hard cylinders, Eqs. (9)–(10), simplify and become


















¼ ip n!ðn$ 1Þ!½ +$1ðka=2Þ2n 1þOðj2ðkaÞÞ
" #
;
n ¼ 1; 2; ::: : (20)
In order to derive the approximate coefficients for the
impedance cylinder, we impose the following restriction of
the solution:
ka) jfj: (21)
In view of Eq. (12), Eq. (21) is not a strong additional
assumption. Using condition (21), the derivative relation-
ships defined in Eq. (17), and substitution of Eqs. (13)–(16)
into Eq. (11), after simplification yields the approximate
coefficients for the impedance cylinder,
A Ið Þ0 ¼
ipka fka=2$1ð Þ
2f$ ipka 1þ lnka=2þ cð Þ2i=pð Þ
1þO j2 kað Þ
& '" #
;





0 kað Þ 1þO ka=nfð Þ½ +; n¼ 1;2; ::: :
(22)
Note that, under condition (21), only the AðIÞ0 and A
ðHÞ
0 coeffi-
cients differ for the impedance and hard cylinders. The effect
of the surface impedance on the scattered wave is solely con-
tained in the AðIÞ0 term. Identical results were found for the
small sphere.24 Consequently, the scattering problem for the
impedance cylinder can be readily solved if the hard cylinder
solution is known. All that is needed for a complete solution
is computation and replacement of the 0th order coefficient
into the hard cylinder solution.
Substitution of the approximate coefficients defined in
Eqs. (18)–(20), and Eq. (22) into Eq. (8) solves the cylindri-
cal scattering problem approximately in the Rayleigh regime
over the entire domain of r; b ( a in terms of an infinite sum
for the soft, hard, and impedance cylinder. In analysis of the
coefficients, the A0 coefficients are unique with respect to
proportionality on the order of ka. For the soft, impedance,
and hard scatterers the 0th order coefficients are proportional
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to 1=lnka, ka, and k2a2, respectively. At n¼ 0, both the
impedance and hard coefficients are small unlike the soft
coefficient. For n ( 1, the coefficients are all similarly pro-
portional to ðkaÞ2n and so within the Rayleigh regime the
amplitude of the terms in the infinite sum rapidly decrease
with increasing order n. In view of this, the relative impor-
tance of the first two terms for the three cases is drastically
different. For the soft and impedance cylinders the first term
is dominant, and the overall solution behaves more like a
monopole source at the origin and is relatively angle inde-
pendent. However, for the hard cylinder the first two terms
are equally proportioned with respect to ka, and so the
approximation will behave more like the summation of a
monopole and dipole source at the origin resulting in more
significant angle dependence.
The coefficients for the soft and hard cylinders in the
limit of small ka are related simply by AðSÞn ¼ $AðHÞn for n
( 1 to a factor of 1þ Oðj2ðkaÞÞ. In view of this property it
is more convenient to use the compact expression




where the effect of the boundary condition is encapsulated
within the respective A1 case specific coefficient.
C. Inner asymptotic: Sound source and receiver are
close to the scatterer
Consider the inner domain of the asymptotic as the
region for which the sound source and the receiver are both
located geometrically close to the scatterer. More quantita-
tively, the source and receiver are located within a fraction
of a wavelength from the center of the cylinder, i.e.,
kb) 1; kr ) 1: (24)
Restrictions in this form allows use of the small argument
approximations presented in Sec. III A. Starting from Eq. (8)
for the exact scattered field, using Eq. (23) for the An coeffi-
cients and the small argument approximation (14) for the
respective Hankel functions as a result of condition (24), this
yields
psc ¼ $A0H 1ð Þ0 kbð ÞH
1ð Þ


















The scattered field in Eq. (8) is now simplified and reduced
to two terms: the wave due to a line source at the origin and
a field proportional to a geometric sum. The sum Sða; bÞ is
independent of sound frequency and only dependent on the
geometric parameters a, b, r, and h. Note that 0 < a < 1 and




convergent series, and since j cos ðnbÞ=nj - 1, the infinite
series in Eq. (26) is absolutely convergent. The sum in Eq.
(26) can be evaluated in a closed form by using the exponen-
tial form of the cosine function and separating the total sum
into the sum of two independent series. Using the power




jxj < 1, the sum is written as
Sða;bÞ ¼ $0:5lnð1$ 2acosbþ a2Þ; 0< a< 1: (27)
Recognizing that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1$ 2a cos bþ a2
p
¼ Rðx0Þ=r when b
¼ h and x0 ¼ a2=b, ultimately the sum can be evaluated
exactly as
Sða2=br; hÞ ¼ $ln Rða2=bÞ=r
" #
: (28)
Substitution of Eq. (28) into the approximate scattered field
in Eq. (25) yields a compact expression for the scattered
field, however, the second term in the expression with coeffi-
cient A1 satisfies the two-dimensional Laplace equation
r2p ¼ 0 and not the Helmholtz equation (3). The scattered
acoustic pressure field, however, can be expressed in terms
of cylindrical functions that explicitly satisfy the Helmholtz
equation using the relationship in Eq. (16) between loga-
rithms and Hankel functions for small arguments. Within the
accuracy of Eq. (25), the exact expression for the sum in Eq.
(28) can be represented approximately in terms of two
acoustic image line sources. Ultimately, the scattered field is
















, 1þ O j2 kbð Þ þ j2 krð Þ
& '" #
: (29)
For arbitrary a, b, and r values for which conditions (12)
and (24) hold, Eq. (29) represents an inner local asymptotic
solution of the scattered acoustic field. The asymptotic repro-
duces the scattered wave field up to the factor 1
þOðj2ðkbÞ þ j2ðkrÞÞ and exactly satisfies the Helmholtz
equation. The solution is dependent only on the A0 and A1
coefficients specific to the soft, hard, and impedance bound-
ary conditions. For all three cases the scattered wave is com-
posed of the simple sum of fields due to two image line
sources located at the center of the scatterer and at the point
ða2=b; 0Þ. The latter point shares the same coordinates to the
Kelvin inversion point, which arises in the well-known solu-
tion first obtained by Kelvin for the classical electrostatic
problem involving a grounded sphere and a point charge.25
Equation (29) is valid in the low frequency limit for
which k! 0 while geometric parameters a, b, and r remain
fixed. In the stationary limit for the soft and hard cylinders
the resulting pressure fields reduce to
lim
k!0







$1 lnðRða2=bÞÞ $ lnr
" #
: (31)
3616 J. Acoust. Soc. Am. 142 (6), December 2017 Alexander B. Baynes and Oleg A. Godin
In the stationary limit, both fields represented in Eqs. (30)
and (31) are exact solutions to Laplace’s equation. The
acoustically soft cylinder has a direct electrostatic analog for
which there is an infinite electric line charge running parallel
to a grounded infinite perfectly conducting cylinder. In the
stationary limit the total acoustic pressure p(S) exactly corre-
sponds to the electrostatic potential of such an analog prob-
lem. Through inspection, the stationary limit in Eq. (30)
corresponds exactly to the known electrostatic solution.26
Similarly, the hard cylinder stationary limit for pressure rep-
resented in Eq. (31) has both a magnetostatic analog and a
fluid mechanics interpretation. The pressure in this case cor-
responds to the scalar magnetic field potential resulting from
an infinite magnetic line charge that is running parallel to a
grounded infinite perfectly conducting cylinder. The station-
ary limit Eq. (31) is consistent with the known exact magne-
tostatic solution.27 In the fluid mechanics context, the
pressure corresponds to the fluid velocity potential of a mass
injection source in the presence of an impenetrable circular
cylinder. Like in the soft cylinder case, Eq. (31) is consistent
with the known exact solution.30
D. Outer asymptotic: Sound source or receiver (or
both) is far from the scatterer
To develop the outer local asymptotic we will assume
that the distance to the center of the scatterer from the sound
source or receiver (or both) is large compared to the cylinder
radius a. This assumption is expressed compactly as follows:
a . a2=br ) 1: (32)
The small scatterer condition (12) still holds, however, con-
ditions (24) are no longer imposed.
In view of Eq. (20), the coefficients An in the exact solu-
tion for the scattered field are proportional to ðkaÞ2n for
n ( 1. For small ka, the An coefficients rapidly decrease with
increasing order n and the scattered field as represented by
the series Eq. (8) is expected to converge rapidly. However,
the values of the Hankel functions in the products
AnHð1Þn ðkbÞHð1Þn ðkrÞ in Eq. (8) may increase with n. Through
inspection of limiting cases, using Eqs. (2) and (14), the
value of each term in the series for n ( 1 is proportional to a
factor of ða2=brÞn ¼ an. Under condition (32), a is necessar-
ily small, and only a few first terms contribute appreciably to
the series in Eq. (8). The n¼ 3 term in Eq. (8) is of second
order in the parameter a relative to the term with n¼ 1. For
the outer local asymptotic, the first three terms for the scat-
tered field in Eq. (8) are sufficient, under condition (32), to
provide requisite second-order accuracy in a. The scattered















The outer local asymptotic, however, needs to be
expressed in terms of fields due to line sources in order to
match the inner and outer solutions. Replacement of both the
Hð1Þ1 ðkrÞ cos h and H
ð1Þ
2 ðkrÞ cos 2h terms in Eq. (33) is then
necessary. Consider an alternative representation of the scat-
tered field that can be constructed to the same accuracy as in
Eq. (33),






Equation (34) represents the scattered wave as the field due
to three acoustic image line sources with unknown ampli-
tudes. Equation (34) contains the image line sources located
at ð0; 0Þ and ða2=b; 0Þ, which were previously encountered
in the static limit and in the inner asymptotic solution, and
allows for an additional image line source. The additional
image source is required to develop a solution to the accu-
racy desired. To satisfy the physical requirement that the
acoustic field has no singularities except at the actual sound
source location, the additional image source needs to be
located inside the scatterer. This is ensured by the condition
$1 < b < 1 since a2=b - a:
Through inspection it was found that the third image
source location is not unique, with different choices of b
resulting in different values of the source amplitudes B0, B1,
and B2 in Eq. (34). Consideration is necessary in selecting a
b value that does not complicate the problem. For example,
when b ¼ $1, an artificial and nonphysical singularity arises
in the domain of interest when b ¼ a, specifically, at the
point ðx; yÞ ¼ ð$a; 0Þ. The value b ¼ $1=2 is chosen in the
development below, resulting in a third image line source
located at ð$a2=2b; 0Þ (Fig. 1). This selection conveniently
simplifies the algebra.
Calculation of the unknown amplitudes B0, B1, and B2
in Eq. (34) is accomplished using Graf’s Addition Theorem














Using the linear independence of the cylindrical harmonics,
substitution of Eq. (35) into Eq. (34) with l ¼ 1 and
l ¼ $1=2, and then equating w and psc, yields three alge-
braic equations for three unknowns and importantly does not
reduce the original accuracy of the approximation in Eq.
(33). Solving the system of equations for the Bn coefficients
in terms of An coefficients yields






1 kbð ÞJ2 ka2=2b
& '
þA2H 1ð Þ2 kbð ÞJ1 ka2=2b
& '
J1 ka2=bð ÞJ2 ka2=2bð ÞþJ2 ka2=bð ÞJ1 ka2=2bð Þ
;
(37)




1 kbð ÞJ2 ka2=b
& '
$ A2H 1ð Þ2 kbð ÞJ1 ka2=b
& '
J1 ka2=2bð ÞJ2 ka2=bð Þ þ J2 ka2=2bð ÞJ1 ka2=bð Þ
:
(38)
Substitution of the derived coefficients, Eqs. (36)–(38), and
b ¼ $1=2 into Eq. (34) exactly reproduces the quantity in
braces in Eq. (33), resulting in an expression for the outer
local asymptotic solution for the scattered acoustic pressure
and approximates the exact field to a factor of
1þ Oða2 þ k2a2Þ. The outer local asymptotic reduces the
scattered pressure field to the sum of fields due to three line
sources located within the cylinder at coordinates ð0; 0Þ,
ða2=b; 0Þ, and ð$a2=2b; 0Þ in terms of the Cartesian coordi-
nates ðx; yÞ for a source located at ðb; 0Þ.
E. Uniform asymptotic of the scattered wave
In the Rayleigh scattering regime (12), the inequality
Eq. (32) is met when either of the inequalities in Eq. (24) is
violated. Moreover, the inequalities in Eqs. (24) and (32) can
hold simultaneously. Thus, the inner and outer asymptotic
solutions obtained above have an overlapping domain of
validity and together allow one to calculate psc at every point
outside the scatterer. The inner local asymptotic solution
(29) approximates the exact field to a factor of 1
þOðj2ðkbÞ þ j2ðkrÞÞ and the outer local asymptotic solu-
tion (34), with b ¼ $1=2 and using coefficients (36)–(38),
approximates the exact field to a factor of 1þ Oða2 þ k2a2Þ.
By bridging these separate solutions by way of a single
expression that subsumes both the inner and outer local
asymptotic solutions, a single closed-form solution can be
developed that is valid over the entire domain outside of the
cylinder for arbitrary locations of the source and receiver.
Let






with Bn coefficients given by Eqs. (36)–(38). Equation (39) is
an exact solution of the Helmholtz equation (3) everywhere
outside the scatterer and coincides with the outer asymptotic
solution. Using Eqs. (13)–(16) and (36)–(38) it can be shown
that, under conditions (24), Eq. (39) for P subsumes the inner
local asymptotic solution Eq. (29) to within the accuracy of
the latter. Under condition (24), the amplitude B2 of the
image source with coordinates ð$a2=2b; 0Þ tends to zero,
while B0 and B1 tend to the amplitudes of the respective
image sources in Eq. (29), thus reducing Eq. (39) to the inner
local solution. As a result, Eq. (39) represents the uniform
asymptotic solution; it approximates the scattered acoustic
pressure field due to an incident cylindrical wave and is valid
over the entire domain outside the cylinder.
The Bn coefficients (36)–(38) for the image line sources
are relatively complex expressions composed of special
functions and the first three An coefficients for the specific
soft, hard, and impedance surfaces as defined exactly in Eqs.
(9)–(11) and approximately in Eqs. (18)–(20), and (22).
Equations (36)–(38) can be readily simplified by taking into
account that ka2=b - ka) 1 and using the approximate
form of the An coefficients. However, without much extra
computational burden, the exact expressions for An and Bn
produce significantly more accurate results over a broader
range of ka values. An additional motivation for using the
exact coefficients An and Bn arises in the soft cylinder case.
With the exact coefficients, the uniform asymptotic solution
retains the property of the exact solution that, as the source
approaches the surface of the cylinder (b! a), for arbitrary
values of k and a that P ¼ $pin. Physically, when a line
source approaches a pressure-release boundary the total
acoustic pressure field vanishes. Satisfying this physical con-
dition exactly is not only a desired physical behavior for the
uniform asymptotic solution, but it also constrains the error
of the asymptotic solution. As for the hard and impedance
cylinder, numerical simulations show that approximate coef-
ficients An and Bn can be used, however, using the exact
coefficients in Eqs. (10) and (11) yields superior numerical
accuracy, and extends the domain of validity with respect to
ka with little additional computation.
The limiting behavior of the asymptotic solution was
verified in the static limit in Sec. III C. Another limit previ-
ously considered in the literature is the plane wave scattering
limit. Plane wave scattering can be viewed as a limiting case
of cylindrical wave scattering when the source is located far
from the center of the cylinder. Using the large argument





,e$ikbpin+ as a representation of an incident plane wave in
terms of the incident cylindrical wave Eq. (1). Then, the
scattered field due to an incident plane wave can be calcu-




eip=4e$ikbP+ in terms of the
scattered field P due to an incident cylindrical wave. When
b!1, the three image sources in the uniform asymptotic
solution Eq. (39) merge, and Eq. (39) reduces to the outer
local asymptotic solution Eq. (33). Substitution of the uni-
form asymptotic solution Eq. (39) for P gives the plane
wave scattering solution
Ppw ¼ $A0Hð1Þ0 ðkrÞ þ 2iA1H
ð1Þ
1 ðkrÞ cos h
þ 2A2Hð1Þ2 ðkrÞ cos 2h: (40)
Equation (40) coincides with the first three terms of the infi-
nite series in Ref. 5 that gives an exact solution of the prob-
lem. Ppw provides a uniformly valid asymptotic solution for
plane wave scattering by an infinite cylinder with ka ) 1.
An inspection shows that Eq. (40) is consistent with the clas-
sical results3 due to Rayleigh which are valid under the addi-
tional assumption kr' 1.
IV. NUMERICAL SIMULATIONS
The accuracy of the uniform asymptotic solution (39)
depends on the dimensionless parameters kb, kr, and h for
fixed values of ka. Asymptotic accuracy was numerically
quantified through the use of MATLAB (MathWorks, Natick,
MA) by comparing it to the exact solution (8) over various
subsets of the overall domain. As shown in Fig. 2 the uni-
form asymptotic solution is highly accurate for ka) 1,
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however, it also, surprisingly, remains applicable for all
ka - 1 for both the hard and soft scatterers. The asymptotic
solution is systematically more accurate for the soft cylinder
than the hard one. Figure 2 illustrates the rapid decrease of
the relative error with the dimensionless radius ka of the cyl-
inder. The uniform asymptotic error is proportional to k2a2
when a ¼ Oð1Þ for both hard and soft cylinders which is
seen in the similarly sloped lines. The asymptotic error for
a) 1 is roughly proportional to k3a3 for the hard cylinder
and k4a4 for the soft cylinder. In agreement with theoretical
estimates, the second order accuracy is achieved throughout
with significant further improvements in accuracy when the
source or receiver (or both) are located far from a small
scatterer.
Figures 3 and 4 further illustrate accuracy of the uniform
asymptotic solution through the analysis of relative
amplitude error (dA/A) and phase error (du). The uniform
asymptotic solution is an accurate approximation of the scat-
tered wave not only for ka) 1 but for all values of ka - 1,
over a broad range of h and a values. Both figures illustrate
nonlinear dependence of the errors on ka and also demon-
strate overall greater accuracy for the soft cylinder in both
amplitude and phase. There are two main reasons for the
greater accuracy in the soft cylinder case. First, the A0 coeffi-
cient is much larger for the soft cylinder than for the imped-
ance and hard cylinders. The n¼ 0 term in the series (8),
which is reproduced exactly in the uniform asymptotic solu-
tion, plays a much bigger role in the soft scatterer case and
dominates the scattered field when a) 1. Second, as Fig. 3
illustrates, the errors for all intermediate values 0< a< b are
suppressed by the fact that the asymptotic solution becomes
exact in the limit a! b.
V. BEARING ESTIMATION WITH MOUNTED
RECEIVERS
The utility of the uniform asymptotic solution and phys-
ical insight into scattering that it provides are illustrated in
this section. We consider a simple 2-D problem of bearing
estimation of a compact underwater sound source using two
hydrophones mounted on a cylindrical body. The body is
modelled as an acoustically hard infinite cylinder of radius a.
The two hydrophones are located at points ðr; hÞ ¼ ða; pÞ
and ða; 0Þ, with total acoustic pressure measurements
denoted as P1 ¼ psc;1 þ pin;1 and P2 ¼ psc;2 þ pin;2, and the
phase difference between the measurements as D/ ¼ /1
$/2, respectively.
Radius of the hard cylinder is chosen to be that of the
Remote Environmental Monitoring Units (REMUS) 100
Autonomous Underwater Vehicle (AUV). REMUS 100 is
used in our model due to its non-tapered profile with a large
length to diameter (L/D) ratio of 8.4 with a length of 160 cm
and radius of 9.5 cm.31 The AUV is in seawater with a con-
stant sound speed c¼ 1500 m/s in the presence of a
FIG. 2. (Color online) Accuracy of the uniform asymptotic of the scattered
field. Relative error j1$P/pscj between the uniform asymptotic and the
exact field is plotted as a function of ka for acoustically hard (solid lines)
and soft (dashed lines) cylinders. The relative error is shown for the angle
h¼p/4 and the following sets of the other geometric parameters:
b¼ r¼ 1.5a (1), b¼ 1.5a, r¼ 103a (2), b¼ 10a, r¼ 1.5a (3), and b¼ 10a,
r¼ 103a (4).
FIG. 3. (Color online) Accuracy of the
amplitude and phase of the uniform
asymptotic of the scattered field due to
a soft cylinder. Plots (a), (c), (e) show
relative amplitude error (dA/A) and
plots (b), (d), (f) show phase error
(du), all as a function of the dimen-
sionless radius ka of the cylinder. The
following dimensionless parameters
were used to characterize the source
and receiver positions: kb¼ 0.25,
kr¼ 1 (a), (b), kb¼ 1, kr¼ 20 (c), (d),
kb¼ 20, kr¼ 10 (e), (f) for the follow-
ing values of the angles h¼ 0 (1), p/3
(2), 2p/3 (3), and p (4).
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monochromatic acoustic source of cylindrical waves at a dis-
tance b from the center of the cylinder emitting at the fre-
quency f¼ 250 Hz. Based on the parameters chosen the
wavelength k¼ 6.0 m and ka¼ 0.0995. The source will be
restricted to the upper half-plane, h ¼ ½0; p+, for simplicity,
due to the symmetry of the problem.
In this section, the angle h characterizes the position of
the sound source rather than the receiver and it has a differ-
ent geometric meaning than in Secs. II–IV. However, for the
receiver at ða; 0Þ h still is the angle between azimuthal direc-
tions from the cylinder axis to the source and to the receiver.
Hence, the previously derived solutions can be used
unchanged when calculating P2. For the calculation of the
acoustic pressure field P1 at the receiver at ða; pÞ, p$ h
should be substituted for h in the previously derived
equations.
Bearing estimation for this model is inherently difficult.
Geometrically, for the frequency chosen, it is a small array
in the sense that there are only two array elements and the
element spacing is small compared to the wavelength. Both
factors contribute to relatively small measured differences in
amplitude and phase between the array elements, and realis-
tically these small difference quantities are subject to distor-
tion by noise. Additionally, the acoustic field is strongly
distorted in the presence of the cylinder, especially in the
proximity of the cylinder, and in this model the receivers are
placed on the surface of the cylinder. Since the source
strength is unknown, the information available for bearing
estimation is contained in the relative change of the sum
and difference of the complex fields at the receivers. From
Eqs. (7), (8), and (20) it follows that the effect of bearing
variation on the relative change in the sum is of order 1
þOðj2ðkaÞÞ with and without the cylinder since pin;1
þpin;2 ¼ 2Hð1Þ0 ðkbÞ þ Oðk2a2Þ and P1 þ P2 ¼ 2H
ð1Þ
0 ðkbÞ
þOðj2ðkaÞÞ, provided b ' a. Hence, the sum of the mea-
sured pressures is essentially unaffected by bearing varia-
tions. When b ' a, the relative change in the difference is
2þ Oðk2a2Þ since, according to Eqs. (7), (8), and (20),
pin;1 $ pin;2 ¼ $2kaHð1Þ1 ðkbÞ cos hþ Oðk3a3Þ and P1 $ P2
¼ $4kaHð1Þ1 ðkbÞ cos h þOðk3a3Þ, in the free space and in
the presence of the cylinder, respectively. These physical
considerations indicate that the cylinder itself helps to
increase bearing resolution over the free space solution.
Noise was added to the model to evaluate bearing esti-
mation in a more realistic setting of noisy measurements.
Additive and incoherent Gaussian noise with a magnitude of
N percent of the incident field pressure pin at the center of the
cylinder was introduced to each receiver signal in the form
~Pi ¼ Pi þ jHð1Þ0 ðkbÞjðXi þ iYiÞN=100. Here Xi and Yi are
independent Gaussian random variables with zero mean and
unit variance. N was chosen to be 3 for all simulated meas-
urements. For the bearing inverse solutions that follow, 50
samples per angle, over 91 equally spaced angles in the upper
half-plane were averaged over. An effective signal-to-noise
ratio (SNR) was calculated since the bearing information is
contained in the small difference of complex amplitudes (or
phases) of two measured fields. The effective SNR was cal-
culated as follows:










kaH 1ð Þ1 kbð Þ




All of the resulting models and numerical analysis were built
and quantified through MATLAB.
A. Plane wave beamforming solution
For a simple two element array in free space, the mea-
sured phase difference between elements D/ / 2ka cos h in
the far field of the source. Then, the inverse problem is easily
solved and the estimated bearing is ĥ ¼ cos$1ðD/=2kaÞ.
When the receivers are mounted on the hard cylinder, the
scattered wave greatly influences the complex field and, as
shown above, the resulting measured phase difference dou-
bles. For all angles the measured phase difference is
FIG. 4. (Color online) Accuracy of the
amplitude and phase of the uniform
asymptotic for the scattered field due
to a hard cylinder. Plots (a), (c), (e)
show relative amplitude error (dA/A)
and plots (b), (d), (f) show phase error
(du), all as a function of the dimen-
sionless radius ka of the cylinder. The
following dimensionless parameters
were used to characterize the source
and receiver positions: kb¼ 0.25,
kr¼ 1 (a), (b), kb¼ 1, kr¼ 20 (c), (d),
kb¼ 20, kr¼ 10 (e), (f) for the follow-
ing values of the angles h¼ 0 (1), p/3
(2), 2p/3 (3), and p (4).
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approximately D/CYL / 4ka cos h / 2D/FS. Thus, the effect
of the cylinder is similar to doubling the array element sepa-
ration. With this understanding, the plane wave beamform-
ing model can still be used for mounted receivers. Figure 5
shows the results of bearing estimation with plane wave
beamforming for three source distances that represent near
and intermediate source ranges of interest.
B. Matched field processing solution
A simple matched field processing technique was
employed using knowledge of the scattered field due to a
hard cylinder, Eq. (39), in which the scattered field is
approximately represented as the sum of three acoustic
image line sources. Aside from noise, the measured field at
each receiver is then due to four line sources. Figures 2 and
4 indicate that, for ka¼ 0.0995 considered, the relative
asymptotic error is small, and use of the uniform asymptotic
makes a negligible contribution to error in the bearing deter-
mination. Bearing was found by minimizing the following
cost function:
f ðb; hÞ ¼ jP1=P2 $ ~P1= ~P2j2;
with respect to b and h. Here Pi is the total field modeled for
a given source position as a sum of fields of 4 line sources,
and ~Pi represents the measured complex field at each
receiver. The measured field was calculated using the exact
expression Eq. (8) for the scattered wave and includes addi-
tive noise. Figure 6 shows the matched field processing solu-
tion for three source distances that represent near and
intermediate source ranges of interest.
C. Analysis of results
Results of bearing estimation using plane-wave beam-
forming are shown in Fig. 5. As to be expected, the bearing
error gets smaller as the source gets further away from the
scatterer. The figure also illustrates the significance of physi-
cal understanding of the scattering process for an efficient
use of mounted receivers. As Fig. 5 clearly shows, scattering
theory-based modification of the plane-wave allows for
recovering of the bearing estimation using mounted
receivers with the same accuracy as if the cylinder was not
present.
Figure 6 illustrates results of bearing estimation using
matched field processing. This method proves to be superior
to the plane-wave beamforming method over a wide range
of source distances. Much like in the case of plane-wave
beamforming, account for and accurate description of the
scattered wave are necessary to recover bearing estimates
using mounted receivers. With the scattered field described
by the uniform asymptotic Eq. (39), accuracy of bearing esti-
mation using mounted receivers appears to be systematically
better than in the absence of the cylinder.
To further quantify the bearing errors depicted in Figs. 5
and 6, the root mean square error (RMSE) was computed
over all angles using the standard definition RMSE
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1 ðĥi $ hiÞ
2=n
q
, where hi is the true source bearing,
ĥi is the average estimated source bearing over the 50 sam-
ples, and n is the number of source angles. Results of this
calculation over the complete data sets represented in Figs. 5
and 6 are given in Table I. Results in the absence of cylinder
are marked “free space.” For mounted receivers, processing
results with and without account for the field distortion by
the cylinder are marked “cylinder-uncorrected” and
“cylinder-corrected,” respectively.
Table I indicates that no adequate results can be obtained
with mounted hydrophones unless the scattered wave field is
properly taken into account. Both the plane-wave beamforming
and matched field processing require a priori knowledge about
the physics of the scattered wave due to a cylinder to make
meaningful bearing estimates. The implementation of the
matched field processing technique with the uniform
FIG. 5. (Color online) Plane wave beamforming bearing estimation for
mounted receivers at various source ranges. Bearing solutions are shown for
the free space (curves labeled 1), in the presence of the hard cylinder with-
out corrections due to scattering (2), and in the presence of the hard cylinder
with scattered wave taken into account (3) for a cylindrical wave source at a
range of b¼ 3a (a), b¼ 10a (b), and b¼ 100a (c).
FIG. 6. (Color online) Matched field processing bearing estimation for
mounted receivers at various source ranges. Bearing solutions are shown for
the free space (curves labeled 1), in the presence of the hard cylinder with-
out corrections due to scattering (2), and in the presence of the hard cylinder
with scattered wave taken into account (3) for a cylindrical wave source at a
range of b¼ 3a (a), b¼ 10a (b), and b¼ 100a (c).
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asymptotic Eq. (39) gave superior results when compared with
plane wave beamforming, even at relatively large source
ranges. Furthermore, when the matched field processing
method is employed, mounted hydrophones perform better
than hydrophones in the free space. We attribute the gain in
accuracy primarily to the effective SNR being roughly 6 dB
higher as a result of the larger measured phase difference. A
similar conclusion that scattering by an AUW’s body improves
source localization with hydrophones mounted on the AUW,
was previously made14 in a high-frequency regime and in a
geometry different from the one we consider.
VI. CONCLUSION
Scattering of cylindrical waves by acoustically soft and
hard cylinders within a homogenous medium has well
known solutions in terms of infinite sums. The Green’s func-
tion solutions take the form of the summation of both the
incident cylindrical wave (1) and the resulting scattered
(diffracted) wave (8). In this paper, uniform asymptotic solu-
tions (39) within the Rayleigh regime have been found for
acoustically soft, hard, and impedance cylinders. The solu-
tions are valid over the entire domain outside the cylinder
to second order accuracy or greater with respect to ka,
the dimensionless radius of the cylinder. The validity of the
uniform asymptotic solutions and analytic estimates of their
accuracy have been confirmed numerically by comparing the
asymptotic and exact solutions. Being derived assuming ka
) 1, the asymptotic solutions have proved to approximate
the scattered wave field for ka values as large as 1.
The uniform asymptotic solutions of the scattered wave
satisfy the Helmholtz equation exactly and have a rather sim-
ple and intuitive form as the field due to three image line
sources. The asymptotic solutions Eq. (39) for the soft, hard,
and impedance cylinders differ only by amplitudes of the
image sources. The image sources are located within the
cylinder. In Eq. (39) positions of the image sources are inde-
pendent of sound frequency and the boundary conditions on
the surface of the cylinder. Positions of two image sources,
at the center of the cylinder ð0; 0Þ and at the point ða2=b; 0Þ,
are determined uniquely and coincide with locations of
image charges in corresponding electrostatic26 and magneto-
static27 problems. A third image source is necessary to
ensure second-order accuracy of the asymptotic solutions for
hard and impedance cylinders, and the position ð$a2=2b; 0Þ
for the third line source was chosen in deriving Eq. (39).
A similar uniform asymptotic solution was developed
for spherical acoustic wave scattering by a small sphere in
Refs. 23 and 24. In comparison to those findings, the waves
scattered by a soft cylinder and a soft sphere are both
reduced to fields due to discrete line and point sources,
respectively. However, for the hard and impedance sphere
asymptotic solutions of the scattered field were found to be
the superposition of fields due to a monopole source at the
center of the sphere and dipoles linearly distributed along a
line connecting the center of the sphere and the Kelvin inver-
sion point ða2=b; 0Þ. In the case of the cylinder, uniform
asymptotic solutions for the hard and impedance boundary
conditions prove to be much simpler than for the sphere and
are given by the superposition of fields due to three line sour-
ces. These asymptotic solutions were found to be of accept-
able error up to and including ka - 1 which was not the case
for the sphere.
The problem of bearing estimation using hydrophones
mounted on a hard cylinder was considered as an example of
application of the uniform asymptotic solutions. We illus-
trated how physical properties of the scattered wave, which
are revealed by the asymptotic solutions, and the efficient
representation of the acoustic field in terms of image sources
can be employed to improve solution of inverse problems
that involve low-frequency scattering by a cylinder. The
improvements include an extension of plane wave beam-
forming to mounted receivers.
The physically intuitive form and mathematically simple
representation of the scattered wave as a field due to a few
image sources suggest a possible path forward in a number of
low-frequency diffraction and scattering problems, where
multiple scattering by simple shapes is encountered and ana-
lytical solutions are not readily available. Further research is
required to establish whether efficient analytical or semi-
analytical solutions of such problems can be obtained in terms
of image sources. Another avenue of further research is an
extension of the theory developed in this paper to Rayleigh
scattering of cylindrical waves by homogeneous or radially
inhomogeneous fluid or fluid-solid cylinders.
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